Abstract-This paper describes the contact formation modeling for the identification of geometrical parameters (positions, orientations and dimensions) of rigid polyhedral objects in contact during the force-controlled execution of contact formation sequences. Following improvements with respect to the state of the art are made: (i) the modeling effort is reduced considerably, (ii) the generation of the measurement equations of the online estimators can be automated more easily, (iii) the propagation of the geometrical parameter estimates over sequences of contact formations becomes straightforward, (iv) the measurement equations are also valid for large uncertainties on the geometrical parameter estimates.
I. Introduction c OMPLIANT motion tasks are tasks in which a robot moves a manipulated object while keeping it in contact with the object(s) in its environment. Still today, in industry, compliant motion tasks require very structured environments: the geometrical parameters (positions, orientations and dimensions) of tools and work pieces or parts to assemble are exactly known. Previous work by the authors [1] , [2] describes proof of concept solutions to perform autonomous compliant motion with a force-controlled robot in less structured environments i.e., environments in which some geometrical parameters of the objects in contact are inaccurately known.
[ Figure 1 about here.] Figure 1 gives an example of such an autonomous compliant motion task: the robot has grasped the manipulated object (cube) and assembles it with an environment object (corner with three walls) by executing a sequence of contact formations (CFs) i.e., vertex-face contact, edge-face contact, etc. The position and orientation of both objects is not well known at the start of the task. The solution to this problem consists of three components: planning, control and estimation.
1. Planning: an off-line task planner specifies the nominal sequence of CFs to be executed. (See e.g., [3] , [4] , [5] for solutions to this problem.) For the example of Figure 1 , this sequence consists of the following CFs: no contact; one vertex-face CF; one edge-face CF; one face-face CF; one face-face plus one edge-face CF; two face-face CF; and finally three face-face CF. The planner also describes the CF compliant path to be executed for each possible contact configuration to move from one CF to the next (See e.g., [6] , [7] ). Note the difference between a contact configuration and a contact formation (CF): e.g., two vertex-face contacts are different contact configurations if the relative position and orientation between both contacting objects is different; but the two vertex-face contacts belong to the same CF if in both cases the same vertex and face are in contact. 2. Control: a (hybrid or other) force controller (See e.g., [8] , [9] ) receives the CF compliant path defined by the task planner. This path is given in the context of a geometrical CF model (motion degree of freedom directions and ideal contact force directions). However some of the geometrical parameters of the contacting objects (and hence the geometrical CF model) are inaccurately known. The quality of the control depends on the quality of the contact model: the better the model corresponds to the real world (i.e. the more accurate the geometrical parameter estimates), the better the controller can do its job. 3. Estimation: during the task execution, an estimator (e.g., a Kalman Filter [10] , [11] , [12] ) estimates the inaccurately known geometrical parameters by processing force, velocity and position measurements. To this aim the estimator has measurement equations, linking the measurements to the geometrical parameters of the CF models used in the controller. For each CF the measurement equations are different. Transitions between CFs are detected as soon as measurements become inconsistent with the current measurement equations.
Previous work [1] , [2] focused on the estimation component of the problem for CFs between rigid objects with generally curved surfaces. However, it did not look much into the problems of (i) making the techniques easy to use (manually and automatically), and (ii) transferring the geometrical parameter estimates gained in one CF to the next. This paper presents significant improvements when the CFs are polyhedral. A large field of application is assembly, as the parts of the objects in contact during assembly are often polyhedral. Also, non-polyhedral objects can be approximated by polyhedrals. The improvements are made in the following aspects: 1. The "Virtual Contact Manipulator" (VCM, [1] , [2] ), describing the relative degrees of freedom between the manipulated object and the environment objects, is not needed in the case of polyhedral objects. This results in a considerably reduced modeling effort (Section II-B) for the velocity and force measurement equations and a minimal set of position measurement equations (Section II-C). 2. This paper proposes a reciprocity based velocity equation and a consistency based force measurement equation instead of formulating both as reciprocity [1] or consistency [2] equations (Section II-B). Besides the reduced modeling effort, this also simultaneously results in a force decomposition by the estimator. This decomposition can be used as feedback to a force setpoint controller which independently controls the contact forces and moments in each of the individual contacts. 3. For CFs between polyhedral objects, a unified modeling approach is given which decomposes each CF into only the "elementary" vertex-face and edge-edge CFs (Section III). This makes the automatic generation of the equations easy but requires estimators that are robust against the possibly non-minimal measurement equations that are the consequence of the simplified modeling approach. The focus of this paper is not on estimators, but it does present a realworld experiment using simple Kalman Filters (Section IV) as estimators. 4. The geometrical parameters represent the inaccurate positions, orientations and dimensions of the contacting objects. These parameters are static i.e., their real values do not change during the task execution. Not all of these parameters are observed all the time, but the idea is to always consider all parameters, even the instantaneously unobservable ones, in the estimator. This makes the propagation of estimates from one CF to the next straightforward (Section V-D). Section IV-C shows that considering also the unobservable variables does not increase the computational load in case of a Kalman Filter estimator. 5. The measurement equations are nonlinear functions of the geometrical parameters (Section II-E). Previous work modeled the contact with linearizations of these equations. This paper describes the fully nonlinear measurement equations, which are also valid for larger uncertainties on the geometrical parameters. If only small uncertainties exist, the nonlinear measurement equations can still be used in the previous (linear) Kalman estimators that then linearize these equations around the estimates of the parameters.
Section VI describes an experiment of a cube-in-corner assembly. Iterated Extended Kalman Filters estimate twelve geometrical parameters through the seven occurring CFs using automatically generated measurement equations.
II. Modeling
In order to estimate the geometrical parameters from the force, velocity and position measurements, the estimator needs measurement equations, linking these measurements to the geometrical parameters. To every CF different measurement equations correspond. This section describes what the measurement equations look like (Sections II-B and II-C). Section II-D provides additional comments on the velocity and position measurement equations, Section II-E on the nonlinear nature of the equations. First of all, Section II-A defines the frames, vectors and matrices used in the following sections.
A. Sources of uncertainty, measurements, twist and wrench bases
[ Figure 2 about here.]
Consider following reference frames ( Figure 2 ): {w} attached to the world, {g} attached to the gripper, {m} attached to the manipulated object and {e} attached to the environment.
The inaccurately known geometrical parameters are the position and orientation of {m} with respect to {g} (grasping uncertainties x m ) and of {e} respect to {w} (environment uncertainties x e ). If more than one environment object contacts the manipulated object during the task execution, an environment frame {i} is attached (i = 1, 2, . . .) to each of them and the environment uncertainties x i define the inaccurately known position and orientation of {i} with respect to {w}. Also, the physical dimensions of the manipulated object (x dm ) and the environment objects (x de or x di , i = 1, 2, . . .) might be inaccurately known. All the uncertain geometrical parameters are collected in the state vector x. The state is static i.e., (the real values of) the geometrical parameters do not change during the task execution.
Following six-vectors are measured: 1. twists t of the manipulated object (translational velocities v and rotational velocities ω), derived from the robot joint positions and velocities; t = v T ω T T ; 2. contact wrenches w (forces f and moments m), measured by a wrist force sensor; w = f T m T T ; 3. poses t d of the manipulated object (positions and orientations), derived from the robot joint positions. Note that the twist and pose measurements are not independent of each other as they are both derived from the robot joint positions.
A base G is chosen for the vector space of all possible contact wrenches (wrench space). Every wrench w then corresponds to a coordinate vector φ: w = Gφ. Similarly, a base J is chosen for the vector space of all possible manipulated object twists (twist space) after which every twist t corresponds to coordinate vector χ: t = J χ. Each CF has different twist and wrench bases e.g., for the face-face CF of Figure 2 the twist and wrench base expressed in {m} are (if the Z-axis of {m} is perpendicular to the contacting faces.):
The two first columns of J represent the translational motion freedom directions along the two manipulated object axes parallel to the contacting face, the third column corresponds to the rotational motion freedom directions along the manipulated object axis perpendicular to the face. The first column of G represents the contact force direction perpendicular to the face, and the last two columns the contact moment directions along the two manipulated object axes parallel to the face.
[ Figure 3 about here.]
For multiple contacts [1] , [2] e.g., Figure 3 , (i) the wrench base G corresponding to the CF is the union of the wrench bases of the individual occurring contacts; and (ii) the twist base J is the intersection of the twist bases of the individual contacts. Calculating this intersection (analytically) can be a tedious task, but the calculation of a (nonminimal) base for the union is cheap. If the individual wrench bases are disjoint (i.e., in case there is no hyperstaticity), a wrench base of the CF is obtained by merging all the columns of the individual wrench bases into a single matrix. If a non-minimal wrench base is allowed, this can also be applied in cases of hyperstaticity.
B. Twist and wrench measurement equations
[1] proposes twist and wrench measurement equations based on the reciprocity of the manipulated object twist and the contact wrench i.e., no power is dissipated in the compliant motion. (This approximation assumes infinitely stiff objects and robot, and a frictionless contact.) In other words, these measurement equations express that the measured twists t are reciprocal to the modeled wrench base G, and that the measured wrenches w are reciprocal to the modeled twist base J . The modeling of the wrench and twist bases G and J for CFs between arbitrary objects [1] , [2] uses the concept of a Virtual Contact Manipulator (VCM). This VCM has as joint values the relative position and orientation degrees of freedom between the manipulated object and the environment objects. Besides the geometrical parameters of the contacting objects, defined in Section II-A, the measurement equations also depend on these joint values i.e.; the state vector is augmented with the (variable) VCM joint values. However, the wrench and twist bases G and J for CFs between polyhedral objects can easily be written in function of the geometrical parameters of both objects only, without explicitly modeling the relative degrees of freedom between them (See also Section III). A considerable reduction in modeling effort is achieved.
The reciprocity based twist and wrench measurement equations are:
J (x), G(x), t and w need to be expressed with respect to the same reference frame. Replacing the reciprocity based wrench equation by a consistency based wrench equation [2] avoids the calculation of J (x):
On one hand, this reduces the modeling effort because, in the case of multiple simultaneous contacts, the analytical intersection of twist bases is avoided; on the other hand it leads to an extra parameter vector φ that needs to be estimated. φ contains the coordinates of the wrench w in the base G(x). Hence, the estimates for φ can be used as feedback in a force setpoint controller which independently controls the contact forces and moments in each of the individual contacts.
C. Pose measurement equation
The pose measurement equations relate the manipulated object pose measurement t d with the geometrical parameters x:
These equations express that the contact is really established e.g., for a vertex-face CF, the pose measurement equation expresses that the vertex lies in the face. The number of pose measurement equations corresponds to the number of constraints on the relative motion degrees of freedom between the objects in contact i.e.; the rank of the wrench base G. E.g. a face-face CF constrains the translation perpendicular to the face and the rotations around axes in the face i.e., the contact involves a threedimensional wrench space (with a base spanned by the force direction perpendicular to the face and the two moment directions around axes in the face); the pose measurement equations then express that the face of the manipulated object coincides with the face of the environment object (3 equations).
In previous work [1] , the pose measurement equations (called "closure equations") also include equations that express the dependence of the VCM joint variables on the geometrical parameters x i.e., the pose measurement equations are also written for the directions with relative motion degrees of freedom and in total always six pose measurement equations are applied. Hence omitting the VCM joint variables reduces not only the modeling effort of the twist and wrench measurement equations, but also reduces the number of pose measurement equations to the minimum.
D. Pose versus twist measurement equations
The "zeroth order" pose measurement equations express that the contact is established. The "first order" twist measurement equations give information on how the manipu-lated object can move to keep contact with the environment object(s) (compliant motion).
Introducing the pose measurement equations once at the beginning of a CF and afterwards applying the twist measurement equations each time step is equivalent to applying the pose measurement equations at each time step (and never applying the twist measurement equations).
For a well-calibrated robot, there is almost no uncertainty on the twist and pose measurements, hence the corresponding measurement equations (2) and (4) reduce to constraints between the state variables. These constraints can also be processed by the estimator as measurement equations, (see e.g., [1] for the Kalman Filter estimator).
E. Nonlinearities in the measurement equations
The pose, twist and wrench measurement equations are nonlinear functions of the geometrical parameters. For example, the measurements and wrench bases in the equations (2) and (3) need to be expressed with respect to the same frame. This is realized by pre-multiplying the measurements and/or wrench bases by transformation matrices, which are nonlinear functions of the geometrical parameters.
Previous work [1] used approximations (linearizations with respect to the geometrical parameters) of (i) these transformation matrices; and (ii) the time evolution of the VCM joint variables. Both approximations were justified by assuming the uncertainties on the geometrical parameter estimates to be small. This paper (i) uses the fully nonlinear transformation matrices; and (ii) makes no use of the VCM joint variables (See Section II-B). This makes the equations also valid for large uncertainties on the geometrical parameters. When the uncertainties are small, the nonlinear formulation can still be used in a linear estimator (e.g. Kalman Filter) which then linearizes the equations around the current estimate of the geometrical parameters.
III. Unified modeling of polyhedral contact formations
A CF between two polyhedral objects can be described by a number of "elementary" vertex-face and/or edge-edge CFs in parallel. The pose, twist and wrench measurement equations for the vertex-face and edge-edge CFs between polyhedral objects can be written in function of the geometrical parameters. Appendix A derives the pose measurement equations and wrench bases (defining the twist and wrench measurement equations) for these elementary CFs.
A possible wrench base for the CF between the polyhedral objects is:
where G i represents the wrench base for the ith vertex-face or edge-edge CF. The pose measurement equations are:
. . .
where h i (x, t d ) = 0 is the pose measurement equation for the ith CF.
[ Figure 4 about here.] Figure 4 gives a possible choice for the location of the five vertex-face CFs (1 to 5) by which a double face-face CF is uniquely defined. The "horizontal" face-face contact is represented by three vertex-face CFs (1 to 3). The "vertical" face-face contact is represented by only two vertex-face CFs (4 and 5), because one of the directions in which a moment can be exerted is already modeled by the vertex-face CFs 1 to 3. Automatic generation of the measurement equations is somewhat easier if using more than the minimal number of elementary CFs is allowed e.g., it should be possible to represent two face-face contacts ( Figure 4 ) with elementary vertex-face CFs 1 to 6, without bothering about whether this is a minimal number or not. A non-minimal number of elementary CFs results in a non-minimal wrench base and non-minimal pose measurement equations. The estimator has to recognize the measurement equations as being non-minimal and has to assure that the interference with the same measurement is not made more than once. Section IV-B shows the robustness of the Kalman Filter estimator against such non-minimal measurement equations.
A non-minimal wrench base does not only result in non-minimal measurement equations, but also in extra φ i coordinates in the wrench measurement equation (Equation (3)). The linear combinations of φ i corresponding to the null wrench space are physically meaningless, but unobservable.
Besides the obvious advantages of automatic equation generation, drawbacks in on-line computational load can be noted. However, the experiment in Section VI shows that the computational load is still far below the real-time limit.
IV. (Iterated) Extended Kalman Filter estimation of geometrical parameters during a contact formation
During a CF the measurements give information about the inaccurately known geometrical parameters. Based on the measurement equations (2)- (4), a recursive estimator fuses at each time step the previous estimate with the new measurements in order to make a new estimate and to calculate the uncertainty on this estimate.
The (Iterated) Extended Kalman Filter estimator [11] , [12] is easy to use, has a low computational cost and low memory requirements. This estimator keeps track of the state estimate x and its uncertainty, represented by the covariance matrix P . P indicates the covariances of and correlations between the estimates of the state variables. Following symbols are adopted: x k+n|k is the state estimate at time k +n, given the measurements up to time k; P k+n|k is the covariance matrix on this estimate. This section shows how the (Iterated) Extended Kalman Filter satisfies the needs of estimator robustness against non-minimal measurement equations and how the computational load can be reduced in case of partial observation.
A. (Iterated) Extended Kalman Filter algorithm
The Kalman Filter is a linear estimator i.e., it processes linear process and measurement equations. The Extended Kalman Filter and Iterated Extended Kalman Filter are both approximations for systems with nonlinear equations; the equations are linearized around the current state estimate or next state estimate, respectively. This approximation is only justified when the estimates are close to their real values i.e., for small uncertainties on the geometrical parameters. This is a serious shortcoming. Therefore, further research focuses on estimators which do not have this limitation.
The two update steps in the (Iterated) Extended Kalman Filter algorithm are: 1. the process update updates the state estimate between measurements in order to follow the (known) dynamics of the system. In the current application, the process update equations are:
where
0 and I denote the zero and identity matrices. The part of the state corresponding to the geometrical parameters is static (i.e., the real value of the geometrical parameters does not change over time). Q k is (small) process uncertainty added to prevent the estimator from becoming too "stiff" [12] i.e., after a number of measurement updates, the estimates can become very accurate (small P ) and do almost not change any more with future measurements. Adding a small Q k at each time step prevents this.
The part of the state φ corresponding to the wrench decomposition can not be predicted because no model of the contact dynamics is used. The process update for this part of the state makes their estimates uncertain again (i.e., the next estimate will be determined by the measurement and not by the previous estimate). To this end, the estimates and their covariances are reset at each time step to the initial estimates φ 0|0 and covariances P φ,0|0 . 2. the measurement update improves the state estimate based on a measurement z. The measurement equations for the current application (Equations (2), (3) and (4)) are implicit and nonlinear i.e., of the form h(x, z) = 0, hence the Extended Kalman Filter algorithm which linearizes its measurement equations around the current state estimate is [13] 1 :
R k+1 is the measurement uncertainty which, besides the noise on the measurements, also reflects the modeling errors due to friction and linearization of the equations. The Iterated Extended Kalman Filter [11] , [14] makes several iterations of Equations (8)- (13) such that the measurement equations are linearized around the next state estimate.
B. Robustness of Kalman Filter estimators to non-minimal measurement equations
Section III showed the importance of the estimator being robust against non-minimal measurement equations. If the estimator interprets the non-minimal measurement equations as extra equations and processes the measurement multiple times, the state estimate is statistically not correct any more.
The Kalman Filter recognizes non-minimal measurement equations because the innovation covariance matrix S is singular in this case, which is never the case for minimal measurement equations. The Kalman Filter equations need the inverse of this innovation covariance matrix. The generalized inverse S # is any inverse for which SS # S = S, [15] . Whatever generalized inverse S # the Kalman Filter uses, 1 For the linear measurement equation z = H * x, the "usual" Kalman Filter measurement update equations are obtained:
the
C. Partial observation with the Kalman Filter estimator
The measurement equations related to a given CF often depend only on part of the state vector. E.g. for the vertexface CF during the cube in corner assembly, the position of the corner of the environment object is not observable in the two face directions. We denote the state variables that occur in the measurement equations as observable state variables and the others as unobservable state variables. Obviously, estimators that keep track of the whole state vector are computationally more expensive than estimators that only consider the observable state variables.
In case of a Kalman Filter estimator, the computational burden can be reduced to the one for a Kalman Filter that only considers the observable state variables. Following two Lemmas state (i) that a (static) Kalman Filter can be run on only the observable state variables; (ii) how the estimates and covariances of the unobservable state variables can be updated in this case. Proof is given in Appendix C.
Lemma 1: The update for the estimate of the observable part of the state vector x o and its covariance matrix P oo are independent of the estimate of the unobservable part of the state vector x u , its covariance matrix P uu and the correlation between the estimates of the observable and unobservable part P uo . This implies that a Kalman Filter can be run on the reduced state x o only.
Lemma 2: Suppose that from a time k+1 till a time k+n only the parameters x o are observable and a Kalman Filter calculates x o,k+n|k+n and P oo,k+n|k+n . Then the updates for x u,k+n|k+n , P uu,k+n|k+n and P uo,k+n|k+n are:
where K = P uo,k|k P −1 oo,k|k . The unobservable part of the state vector and the corresponding covariances are updated in this way at a contact transition; because at that time all estimates and covariances are passed to the estimator corresponding to the next CF (See Section V-D).
V. Detection of contact transitions and
propagation of the estimates through sequences of contact formations
The previous section described the estimation of the geometrical parameters during a single CF. This section describes (i) how contact transitions are detected (Section V-A), (ii) how unstable control behavior during this transitions is monitored (Section V-B), (iii) how the new CF is recognized after transition detection (Section V-C), and
A. Detection of contact transitions
Each CF needs another estimator because of the difference in measurement equations. An estimator recognizes a contact transition by the statistical inconsistency of the measurements with the current measurement equations i.e., the measurements do not "fit" any more into the CF model and this can not be explained by the uncertainties on the measurements or on the parameters in the model. E.g. when a contact is gained, the wrench measurement is inconsistent with the previous measurement equations (a wrench is measured in a direction of motion freedom); when a contact is lost, the twist measurement is inconsistent with the previous measurement equations (a twist is measured in a motion constrained direction).
One of the consistency checks of the measurements with respect to the measurement equations in the Kalman Filter estimator is the SNIS-test [11] , the sum over the NIS-values (Normalized Innovation Squared) of the past l time steps:
The SNIS value is χ 2 distributed with mean zero and l * n h degrees of freedom. n h is the number of statistically independent measurement equations (used to calculate the NIS). l is a trade-off between the fast detection of a contact transition and the false alarm rate. When the SNIS value crosses some chosen confidence boundary, the measurements are said to be inconsistent.
The SNIS-test signals a contact transition one or more time steps after it occurred. The state estimate and its covariance which are passed on to the next estimator need to be the ones before the contact transition, because introducing inconsistent measurements in the estimator results in bad estimates. The "worst case" time interval between the contact transition and its detection is the number l of NIS values summed into the SNIS. A simple solution then consists of taking the estimate and covariance from time step k − l + 1 when a contact transition is detected at time step k + 1.
B. Detection of unstable control behavior
Care must be taken not to use any measurements collected during unstable control behavior, typically observed at a contact transition. A check on the wrench measurements indicates whether the contact is stable or not. During the unstable control behavior, the state estimate and its uncertainty are kept constant.
If Gaussian distributed wrenches are assumed, then the value of i=k+1 i=k−nc+2
is χ 2 distributed with mean zero and 6 * n c degrees of freedom. R c is the value of the wrench covariance matrix for which the contact is said to be unstable. n c is a trade-off between the fast detection of stable behavior and the false alarm rate. As long as the value of Equation (19) is larger than a chosen confidence boundary, the control behavior is unstable and the estimator does not process the measurements. The mean wrench is approximated by the values of the last n m wrench measurements:
It is also possible to feed the value of Equation (19) back to the force controller in order to change the feedback gain.
C. Recognizing the current CF
For systems with small uncertainties, the executed sequence of CFs is assumed to be error-free i.e., after a contact transition the CF is the next one in the task plan (See Section I). This means that after inconsistency detection two CFs are probable: the same CF as before the inconsistency detection (false alarm) and the next CF in the task plan. For systems with larger uncertainties the real CF sequence can deviate from the planned one. This means that after the inconsistency detection the same CF as before and all of its "neighboring CFs" are probable. These neighboring CFs can be read from a CF graph [3] , [4] , [5] .
After inconsistency detection and when the contact is stable again, an estimator is constructed for each probable CF and initialized with the current state estimate and uncertainty. The real CF (real filter) is determined by comparing the probability of the pose, twist and wrench measurements for each of the filters (See e.g., [1] , [16] , [17] ). Once the probability of one of the filters exceeds the other probabilities by a user defined factor, its corresponding CF, its geometrical parameter estimates and their uncertainty are selected for further estimation.
D. Propagation of estimates through sequences of contact formations
During each CF, different geometrical parameters are observable. The information collected during one CF needs to be propagated to the following CFs. However during these new CFs, some of the previously observable geometrical parameters become unobservable and vice versa. Propagating the information through sequences of CFs is done by considering all geometrical parameters (even the unobservable ones) at each transition: the full state vector x and its uncertainty at the end of a CF serve as initial values for the estimator of the next CF. This is an improvement over [1] which used a minimum number of variables as a means to obtain a faster measurement processing by the estimator. However, Section IV-C shows that, at least in the case of the Kalman Filter estimator, considering unobservable variables does not give any overhead for the estimator. The experiment is an assembly of a cube (manipulated object) into a corner (environment object) executed by a KUKA-IR 361 industrial robot arm with a 6D Schunk force/torque on its wrist, see Figure 1 . The compliant motion is specified in the Task Frame Formalism [18] and executed by the hybrid force/position controller of [8] where force and tracking control loops are closed around a velocity controller. Twelve geometrical parameters are inaccurately known: (i) six environment uncertainties (three translations x e , y e , z e and three Euler-ZYX orientations θ . [19] gives the exact definitions of these parameters. Iterated Extended Kalman Filter estimators (See Section IV), automatically generate the measurement equations (See Section III). Estimation is based on wrench and twist measurements; one pose measurement is introduced at the beginning of a new CF (See Section II-D). Figure 5 shows the measured wrenches and twists collected at 10 Hz during a real force-controlled experiment. The estimation results are obtained by off-line processing of these measurements. The estimators are able to process the measurements on-line 2 , but this is not yet integrated in our current software infrastructure.
A. Initial estimates and filter tuning
The initial estimator (corresponding to motion in free space) is fed with estimates which are rather accurate for the (solidly grasped) manipulated object and less accurate for the (inaccurately positioned) environment object. The initial covariances are:
In order to cope with the linearization errors, inherent to the Extended Kalman Filter estimator, the (experimentally determined) pose, twist and wrench measurement standard deviations are multiplied by 10. The (unmodeled) friction is taken into account by multiplying once more the wrench standard deviations by 10.
A sensitive SNIS consistency test (l = 3 and confidence boundary 60%, see Section V-A) detects the contact transitions. This makes fast detection possible at the expense of several "false alarms".
After inconsistency detection, a check for the stability of the contact is performed (R c = 100 * R wrench , n c = 5 and confidence boundary 60%, See Section V-B). The numerical values of these parameters are not critical, because of the very different behavior of the wrenches during stable and unstable control ( Figure 5 shows the jumps in the wrench measurements at contact transitions).
As the uncertainties on the geometrical parameter estimates are rather small, the executed CF sequence will be error free. This means that after an inconsistency is detected and the contact has been stabilized, two filters are run: one corresponding to the CF before the inconsistency detection and one corresponding to the next CF in the task plan (see Section V-C). Whenever the probability (the probability of the SNIS value, see Section V-A) of one filter exceeds the probability of the other one by a factor 2, its corresponding CF, its state estimate and covariance matrix are chosen.
B. Results
[ Figure Figure 6 shows the results from the SNIS consistency test. The horizontal lines are the 60% confidence boundaries. When the SNIS value exceeds this line, an inconsistency is reported. After each inconsistency there is some time interval before the CF is recognized. These intervals comprise the stabilization time and the time necessary to determine if a transition occurred or if the inconsistency is a false alarm. When comparing this figure with Figure 5 we notice that the main part of these time intervals are due to stabilization and that the recognition of the CF is very fast (for this example only one measurement step for every transition !). Figure 6 shows also that several false alarms are reported. Figures 7 and 8 give the estimates of the geometrical parameters (environment and grasping uncertainties), Figure 9 shows the estimates of the φ coordinates. The number of φ variables changes with the CFs and corresponds to the number of elementary contacts in which the CFs are decomposed (See Section III).
For the estimates of the geometrical parameters, the real value is plotted in dotted lines and the estimate in full lines. The "uncertainty" on the estimates is represented by the dashed lines at a distance of twice the standard deviation i.e., two times the square root of the corresponding diagonal element of P . For Gaussian distributions this corresponds to a 95% confidence interval.
During the motion in free space (first 124 measurements), none of the geometrical parameter estimates change. The motion in free space does not give information about the positions and orientations of the manipulated object and environment object. At measurement 124, an inconsistency is detected. Until measurement 141 no measurements are processed because the contact is not stable.
At measurement 141 the measurements indicate that indeed a contact transition occurred and that the vertex-face CF, the next one in the task plan, is valid. From that measurement on, the estimates and uncertainties of the estimator corresponding to this vertex-face CF are taken. The figures show that the uncertainty on several of the geometrical parameter estimates decreases, while for others it stays large. E.g. the orientation of the corner object around the axis perpendicular to the contacting face (θ e z ) and its translation inside this face (x e and y e ) are not estimated, this is evident as the vertex-face CF does not provide any information about these. (θ e z and y e are estimated more accurately from measurement 442 on, i.e. when a contact with one vertical face is made; x e keeps its initial uncertainty until a three face-face contact is recognized at measurement 941). At measurement 196, the next inconsistency is reported after which the estimates are frozen again till the recognition of the CF (measurement 208). An edge-face CF (decomposed as two vertex-face CFs) is recognized. A little later, at measurement 211, inconsistency is reported again. This time it is a false alarm and it is recognized as such at measurement 230. The estimation of the geometrical parameters and the detection of the CF sequence continues in the same way till the end of the experiment.
VII. Conclusions
The paper presents improvements in the modeling of contact formations for the estimation of geometrical parameters of rigid polyhedral objects in contact during forcecontrolled compliant motion. Substantial improvements made in this area are: 1. the derivation of the twist and wrench measurement equations is simplified and the number of pose measurement equations is reduced by avoiding the Virtual Contact Manipulator model; 2. the derivation of the wrench measurement equations is simplified by avoiding the twist base J . The estimator also performs a wrench decomposition, which can be used in a force setpoint controller; 3. the automatic generation of the measurement equations is made possible by (i) modeling the CFs between polyhedral objects in a unified way as a collection of elementary vertex-face and edge-edge CFs and (ii) making the estimator robust against non-minimal measurement equations; 4. the propagation of information about the inaccurately known geometrical parameters from one CF to the next is made possible by consistently using all parameters at all times, this does not imply an increase of the estimator computational load; 5. the measurement equations are formulated as nonlinear functions of the geometrical parameters instead of linearizations of these equations around some first estimate of these parameters. The new equations are also valid for large uncertainties.
Future work will focus on (i) finding a better estimator which can deal with nonlinear measurement functions for large uncertainties on the geometrical parameter estimates;
( This appendix describes the pose measurement equations and wrench bases (defining the twist and wrench based measurement equations) for the vertex-face and edge-edge CFs between the manipulated object and the ith environment object. The positions and orientations of the different vertices, edges and faces of the manipulated object and the environment object are defined (in function of the unknown dimensions) with respect to the manipulated object frame {m} or the environment frame {i}, respectively.
In this appendix, the wrench base is written with respect to a frame {c} on the contact. Note that in order to apply the measurement equations, the twist and wrench measurements and wrench base need to be expressed with respect to the same frame. Transformations of wrenches and wrench bases to other frames (e.g., {g}, {m}, {i} and {w}) are possible by premultiplying them with a screw transformation matrix a b S [20] :
R is the rotation matrix to rotate a vector from {a} to {b} i.e., its columns are the components of a unit vector along the X, Y and Z axis of {a} as seen from {b}, note that
T is the vector from the origin of {b} to the origin of {a} expressed in the frame {c}. The screw transformation matrix for twists and twist bases is:
The coordinate transformation of the coordinates of a point d from the frame {a} to the frame {b} is is realized with the homogeneous transformation matrix a b T :
1 ;
The following subsections describe the "elementary CFs" in which a CF between polyhedral objects can be decomposed: (i) a vertex of the manipulated object contacts a face of the ith environment object (Section A-A); (ii) an edge of the manipulated object contacts an edge of the ith environment object (Section A-B); and (iii) a face of the manipulated object contacts a vertex of the ith environment object (Section A-C). The analytical expressions for the screw transformation matrices S, rotation matrices R, skew-symmetric matrices [p×] and homogeneous transformation matrices T are given in [19] . Consider a frame {c} in the contact point with axes parallel to the axes of {i}, see Figure 10 . The transformation of the {c} frame with respect to the {m} frame is defined by: 
The pose measurement equation expresses that the vertex lies in the face i.e.:
where i p i,c is the vertex expressed in {i}:
B. An edge of the manipulated object contacts an edge of the ith environment object
[ Figure 11 about here.]
Consider a frame {c} in the contact point with axes parallel to the axes of {m}, see Figure 11 . The transformation of the {c} frame with respect to the {m} frame is defined by: 1. the position of the origin of {c} in {m} m p m,c , which is given by Equation (26) expressed with respect to {m} are:
Both edges form together the "contacting face". The vector perpendicular to both edges (i.e., perpendicular to the contacting face) in {m} is
is the vector perpendicular to d 2m and in the contacting face. The origin of the frame {c} lies on both edges and is (expressed in the {m} frame):
The wrench base G c can be written as:
The pose measurement equation expresses that the edges intersect in a point:
i.e., the (signed) distance from both edges to a face parallel to the contacting face is the same.
C. A face of the manipulated object contacts a vertex of the ith environment object
The equations can be derived similarly to the situation where a vertex of the manipulated object contacts a face of the ith environment object (Section A-A).
II. Robustness of Kalman Filter estimator against non-minimal measurement equations
If h(x, z) = 0 represents a minimal set of measurement equations; then a non-minimal description, which contains additional linear combinations of these equations, can be written as:
where B R is a regular matrix. H, D, S and η indicate the matrices/vectors of the Kalman Filter (Equations (8)- (14)) corresponding to the a minimal set of measurement equations h(x, z) = 0; H * , D * , S * and η * correspond to the non-minimal set of measurement equations Bh(x, z) = 0:
hence, from (11), the singular innovation covariance matrix S * is
The update of the estimate x, its covariance matrix P and the NIS-values η T S −1 η (Equations (8)- (14)) have the same values for the minimal or non-minimal description if the used inverse (S * ) # satisfies
The generalized inverse [15] G # of a matrix G is any inverse for which GG # G = G. It is obtained by a singular value decomposition. If the singular value decomposition of G is:
with U and V orthogonal matrices and Σ a pseudo diagonal matrix of rank k = rank(G):
then the generalized inverse of this matrix is
where X, Y and Z are arbitrary matrices. This section proves that any generalized inverse of S * satisfies condition (31); hence the use of a generalized inverse for S * makes the Kalman Filter estimator robust against non-minimal measurement descriptions.
Proof: The singular value decompositions (hence also eigen value decompositions because the matrices are symmetric) of S and S * are:
with orthogonal matrices U and U * :
Then, from (30) and (35):
for all possible C. Choose a regular C. This makes E regular. Define W = (U * ) 
Equation (38) gives:
Replacing E by U * W in Equation (37) gives
From Equations (35) and (41) we obtain:
The generalized inverse of S * is (Equations (32)-(34)):
Equations (36), (39), (40), (43), (44) and (45) give:
which proves that the generalized inverse of S * satisfies Equation (31). T can be written as:
III. Partial observation
P oo and P uu are the covariance matrices on the estimates of x o and x u respectively. P ou = P T uo describes the correlation between the estimates of x o and x u . The estimates of the observable and unobservable part of the state vector at time k + n, given measurements up to time k are x o,k+n|k and x u,k+n|k . P oo,k+n|k and P uu,k+n|k are the covariance matrices on these estimates; and P uo,k+n|k is the correlation matrix between these estimates.
The (static) Extended Kalman Filter equations for the nonlinear and implicit measurement equation h(z, x o ) = 0 are given by Equations (8)- (14), where H k+1 = ∂h ∂x xo=x o,k+1|k ;z=z k+1 = H o,k+1 0 ;
;
Hence, the update for the estimates of x o and its covariance matrix P oo are:
x o,k+1|k =x o,k|k ; P oo,k+1|k =P oo,k|k ;
x o,k+1|k+1 =x o,k+1|k − P oo,k+1|k H These equations are independent of the estimates of x u , their covariance matrix P uu , and the correlation P ou between the estimates of x o and x u . This means that a reduced Kalman Filter can be run on the state vector x o , without considering x u (Lemma 1).
Suppose that from a time k + 1 till a time k + n only parameters x o are observable. A reduced Kalman Filter has calculated x o,k+n|k+n and P oo,k+n|k+n . Equations (8)- (14) express how x u,k+n|k+n , P uu,k+n|k+n and P uo,k+n|k+n need to be updated. Applying these equations n times results in update equations (15)- (17), (Lemma 2).
These equations can also be applied for observable and unobservable linear combinations of the parameters. For the current application however, the measurement equations are nonlinear and the matrix H, given by Equation (9), depends on the state estimate. Due to changing estimates, H changes and other linear combinations of the state variables that occur in the (linearized) measurement equations become observable at each time step. Therefore, partial observation is not applied for the observable linear combinations of the state variables, but for the observable state variables, which stay the same during the compliant motion in one CF. Multiple contacts between the manipulated object and the environment object: the cube makes an edge-face contact with the "horizontal face" and two vertex-face contacts with the "vertical faces" of the environment object. ¿ ½ ¾ Fig. 4 . A double face-face CF can be modeled by five vertex-face CFs (e.g., 1 to 5). The system can deal with non-minimal equations (e.g., choosing a 6th vertex-face CF). 
